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1 Introduction 

Let be a finite-dimensional simply laced (we need it sometimes) semi-simple Lie algebra 
and is the corresponding affine Lie algebra; g is a central extension of the current 
algebra g'^ on a circle, = . . . + gz~^ + gz~^ +0 + QZ + qz^ + . . . with help of 1-dimensional 



space C ■ K,K is a, central element. We shall deal only with the representations with 



!^ 
l> 
O 

^ ■ highest weight. Recall that the level of representation is the eigenvalue of K, we always 

! consider the modules where K acts by a scalar. It is known that g has a remarkable 

^ ' class of integrable representations, which can be characterized in the following way. Let 

9 be the root generator of g, corresponding to the maximal root, and put 9i = 9 ■ 
and Sf''^'^^ = J2 9ai9a2 ■ ■ ■ Sa^+i - This sum is infinite, but nevertheless S^'^^^^ acts 

(— I I ai+...+Ofe+l=i 

in an arbitrary representation with highest weight. A representation vr of level k from 
' the category of representations with highest weight is a sum of irreducible integrable 

I representations if and only if A; G Z, > and each SI , i G Z, is acting by zero in 

TT. In other words, elements S'f'^^^'* generate a two-sided ideal T{k) which acts by zero on 
integrable representations of level k. 

Let us restrict ourselves by V^-the vacuum irreducible representation of level k. Let 
V be the vacuum vector in Vk, ■ v = 0, g*" = g + qz + gz"^ + . . . . Denote by g~ 
the algebra of creation operators g~ = gz~^ + gz~^ + . . . . Module Vk is isomorphic 
to a quotient U{g~) / I{k), where the submodule I{k) is generated by the vector 9^^v. 
Algebra U{g~~) has a standard filtration such that U{g^Y'^ = S'*(g~). The submodule 
I{k) defines the "space of its highest symbols" - an ideal I{k)"-'^ C S*{g~) and we get 
the "abealization" V,^'^ of the representation Vk, V^''- = S*{g^)/I{k)"-'^. The dual space 
i^k'^y has the following nice description. Note first that the dual space (g~)* is naturally 
isomorphic to the space of 1-forms on a line ^ g* = F with values in g* (pairing is 
given by the residue). Coalgebra (f/(g~)"'^)* = S*F and we realize S"F as the space 



1 



of expressions f{zi,..., Zn)dzi . . . dzn, where / is a symmetric function in zi, Zn with 
values in 0* (g) • • ■ (g) 0* (n times) . Vector 9'^'^^ is a highest weight vector in the g-module 
S'^'^^g and let n^+i be the submodule of S^~^^g generated by 9'^'^^, so we have an embedding 
TTfc+i ^ S''+^Q and the dual map (p : 3''+^ 3* tt^+i. Now, {V^'^)* C S*F consists of the 
elements f{zi... Zn)dzi . . . dzn, n e Z, n > which satisfy the following condition. Let 
n > k + 1 and consider arbitrary point u : {zi, . . . , Zn) £ C" such that Zi — Z2 = ... = Zk+i- 
At this point u,f{u) e S''~^^{g*) ^ q* <S> • • • <S> g* and our condition is {ip (g) G 
7r^_,_i ® 0* • • • (g) 0* is zero. The space of such functions forms an n-symmetric power of 
F "with restriction to {k + l)-diagonal." 

Let us consider more simple example of such construction. Let be the space of 
polynomial 1-forms on a line. The usual symmetric power 5'"T^ is realized in the space of 

forms f{zi, . . . , Zn)dzi dZn where / is a symmetric function. The "restricted symmetric 

power" SJi^^T^ consists of expressions f{zi, . . . , Zn)dzi . . . dZn such that f{zi, . . . , z^) is zero 
\l Zi = Z2 ~ . . . — zi- It is clear that S*i-^T^ C S*T^ is a commutative coalgebra. 

This "restricted" symmetric co-algebra appears in the following context. Let be 
5^2, {e, h, /} - the standard basis in {e} = n - maximal nilpotent subalgebra in 5/2, 
Ci — e <S) z\ {cj} — n - Lie algebra of currents on a circle with values in n, fi^ = {cj}, 
i < 0. Define the principal subspace Wk in Vk as U{n)v — U{h-)v. So, Wk = U{h-)/I, 
where / is an ideal. The dual co-algebra is isomorphic to 5'(*^_,_^)T^. It is possible to 
use this result for the description of irreducible representation T4 as a linear space. 

Recall that in Vk there is a family v(n), n e Z of the so-called extremal vectors. The 
Weyl group of 5/2 acts on Vk and {v{n)} is the orbit of vacuum vector v — v{0). So, in Vk 
we have the set of subspaces U {n)v{m) = Wk{m), Wk{mi) and Wk{m2) are isomorphic and 
isomorphism is given by the action of some element from the Weyl group. On the other 
hand there is a sequence of embeddings: — > Wfc(l) — > VFfc(O) — > Wk{—1) . . . and Vk is 
the inductive limit of this sequence. Informally, it means that it is possible to determine 
the "semi-infinite restricted symmetric power" of the space $1^(5'^) of 1-forms on the circle. 
The inductive limit Wk{— 00) = T4 is dual to the sum (BS^I_^_-^-j {Q^{S^)),i e Z. In some 
sense those "semi-infinite restricted symmetric powers" are very close to the spaces of 
semi-infinite exterior forms, but their construction is more subtle and there are many 
open questions. 

We see, that two "functional constructions" are connected with vacuum representation 
Vfe. The first one represents the space dual to the adjoint space to Vk as the restricted 
symmetric coalgebra for (g) 0* - the one forms on a line with coefficients in 0*. The 
second one gives us T4* as the semi-infinite restricted symmetric tensors of ^■'^(5'''^) (g) {e*}, 
where e* is a generator of n*, n e 0. It is interesting that both construction are deduced 
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from the structure of the annihilating ideal. The semi-infinite construction is close to the 
parafermionic considerations of Lepowsky, Wilson, and Prime. The character formula, 
which arises from this realization, coincides with the formula of Lepowsky and Prime. In 
§2 we investigate the semi-infinite construction for 5^2- In §4 we deal with 5/3. Now we 
explain what to do in the general case. 

Fix the Cartan decomposition q — rii (B f ® n2, and denote hy fi — . . . + n2 <S> -|- 

n^^n^® z ^ . . . ^ n_ — n2® -|- n^z''^ -|- First we want to describe the dual space 

to VFfe C 14, Wk = U {n)v, V- vacuum vector in the vacuum irreducible representation of 
g of level k. To do it let us introduce the following construction. Let A = {Aij} be 
Cartan matrix of g, ai, . . . , ct; - simple positive roots of g. We connect with this data the 
multigraded vector space 

,m2,—,mi — 

xi{ai), . . . ,Xm,{ai)) ■ n {xi{ai') - Xj{af )y^ ndxi{aj)} 
i'<j' i,j 

Here / is a polynomial in the variables Xi{aj), f is symmetric with respect to each group 
of variables {xi{ai)}, {xi{a2)}, ■ ■ ■ , {xi{ai)}. Space M may be considered as a component 
of extended symmetric power of the space F — Mi^o,...,o ® M),i,o,...,o ® M),o,...,o,i; M is 
extended and not "restricted" because we have the negative powers of the difference 
of the arguments, so M is bigger than the symmetric algebra of F. Now let us add 
so-called "Serre relations". Introduce the subspace M — ®M^i,m2, where 
Mmi,...,mi C Mmi,m2,...,mi ^ud elements of M are expressions in which / is zero if for 
arbitrary 1 < i, j < I, i j, Xi{ai) — X2{ai) — ■ ■ ■ — x-Aij+i{o(i) — xi{aj). We claim that 
M can be identified with the dual space to U{h-). Now let us describe Wk = U{h-)/I. 
It is clear that (Wk)* C (C/(fi_))*, so {Wk)m,,rn2,-,mi ^ M^i,m2, -,m, and element from M 
belongs to (Wk)* if corresponding polynomial / satisfies to condition: for each 1 < i < I 
f is zero if Xi{ai) — X2{cKi) — ■ ■ ■ — Xk+iioii). Using this model we can write down the 
formula for the character of Wi . Let Lq be the energy operator and consider first the case 
k^l. Then: 

Tr(q''')\w,^ E T^' ^ e Z, r, > 0, 1 < i, j < L 

Here Aij is the Cartan matrix. For general k formula has the similar form, but we have 
to replace I ^ I ■ k and {Aij} replace to the form with the matrix A ® S^^, where A 
is the same Cartan matrix and B^. is the symmetrization of the Cartan matrix for series 
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Bk, so Bk = {bij}, 1 < i,j < k, bij = if |i - j| > 1, % = -1 if \i - j\ = -1, bu = 2 if 
1 < i < k — l,bk,k = 1- Note, that formulas of such kind appeared in the articles [5], [6] 
where they describe the character of the space of quasi particles in the thermodynamic 
Bethe anzatz. 

This complicated construction gives us a "functional model" for the dual space to 
Wk = U{n)v C Vfe. Weyl group W^s acts on Vk and let {vu, = w{v),w e Waff} be the 
set of extremal vectors. Define the set of subspaces Wk{w) = w{Wk) = U{n)v.uj. We can 
choose the series of elements Wi,i e Z, i > 0, such that Wk{wi) C Wk{wiJ^i) and the 
inductive limit of this sequence of embeddings is V^. It gives some construction of and 
a character formula which we write down in §4 for 5/3. 

In this paper we discuss in some detail only the 5/2 case. General case is much more 
technical and we shall write down more about it in our next paper. Note that the notion 
of semi-infinite restricted powers is not fully developed in this paper even in 5/2- This 
notion deserves a separate investigation and we plan to do that in the future. 

The second topic of this article is connected with the geometry of the fiag manifold for 
Q. Let F — G/B he a flag manifold, 1 - a Shubert cell in F of dimension zero and M is a 
closure of the orbit N ■ 1, where TV C G is a subgroup in G which consists in the currents 
with values in the maximal nilpotent subgroup in G. Integrable irreducible representation 
Vx with highest weight A is realized in the space of sections of the line bundle La on F. 
The space U{h) ■ v E Vx (v-vacuum vector) is dual to the space H^{M,Lx). So, it is 
possible to use geometric arguments when we deal with U{n)v. In §3 in sl2-case we use 
the fixed point theorem to determine the character of H^{M, Lx). Manifold M in the 
sZ2-case is non-singular and we can apply the argument similar to the case of the full fiag 
manifold which gives us the Weyl formula for the character. So for the space i?°(M, L^) 
we obtain two character formulas: one is a consequence of a functional realization in the 
space of symmetric polynomials and the second is given by the fixed point formula. If we 
compare two expressions, we get the Roger- Ramanudj an and Gordon identities. We also 
apply to Wk the Demazure-like character formula and get the same result. 

In §4 we discuss 5/3 case. For 5/3 the manifold M is singular, so the fixed point formula 
becomes much more complicated. We can not write down the fixed point formula, however 
we conjecture a specialization of this formula {trq^°), which gives interesting consequences. 

This paper should be viewed as an announcement of our results. We do not supply 
proofs of some of our statements, and in the proofs, which we give, in particular, when 
we work with the infinite-dimensional fiag manifold we avoid certain subtle questions to 
emphasize ideas rather than technical points. 
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Let us add a few "physical words." The structure of the space Wk may be described 
in the following way. Suppose at each point on a line we have a "particle" ai{z), ai 
is a simple root of g. So, the particle has coordinate (z) and color {ai),i = 1, ■ ■ ■ ,m. 
These particles constitute an operator-algebra with the relations: ai{zi) ■ Oij{z2) = {zi — 
Z2Y^^Bij{zi) + ■■■,Cii = 0,Cij = — 1 if i 7^ j, ai{zi)''~^^ = 0, and "Serre relations" - the 
leading term in the expansion ai{zi)ai{z2) ■ ■ ■ ai{zn)c(j{zn+i),n = —A^j + 1 is zero. Note, 
that this expansion starts with the term n{zi — Zn+iY~'^ . Prom this point of view it is 
clear that there are relations between our objects and parafermion algebras, although we 
do not yet fully understand them. 

2 s/2-case 
2.1 Notations. 

Let e,h,f be the standard basic elements of the Lie algebra SI2 ■ e = ,h = 



1 \ , /O 
-1 



f = y-^ j ' algebra 5/2 : = 5/2 <8) C[t, t ^] ® C C we have the basis 

fi = f'Sit\ hi — h<Sit^, Si — e<Sit^, and C, where C is the central element, and the relations 
are: 



(2.1.1) [e,,e,] = = 

[hi, Cj] — 2ei^j; [hi, fj] — — 

[ci, fj] = hi+j + iCSi+j^o; [hi, hj] = 2iC5i+jfi. 

Fix the Cartan decomposition 5/2 = n+ © / © n_, where / = {ho,C} is Cartan 
subalgebra and n+ — {ci, fi, hi {i > 0) and eo}, n_ = {e^, fi, hi {i < 0) and /o} are 
the annihilation and creation subalgebras. The Lie algebra 5/2 has a natural grading, 
deg Ci — deg fi — deg hi — i, deg C — 0. We will consider only graded representations. Let 
m be a homogeneous element of an sZ2-module, the number degm is called the energy 
of m. The affine Weyl group Wa,s is isomorphic to Z2 k Z and can be reahzed as a 
subgroup of the group of affine transformations of a hne. l^aff consists of the shifts 
T", T"(x) — x + n,xER,nE'Z and reflections Sn, n E Z, Sn{x) — n — x. In this notations 
the reflection which corresponds to the root vector fi is Si and to the root vector is 
S-i. 

The weight of a vector from a graded representation of 5/2 is a triple (m. A, k), where 
m is energy and A, k are the eigenvalues of ho and C. The action of the Weyl group on 
the weights is given by the formulas: 
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(2.1.2) T''{m,X,k) = {m - Xn - kn^ , X + 2kn, k) 
5'o(m, A,/c) = (m, — A, /c), 

Sn(m,X,k) = T''So{m,X,k)^{m + Xn-kn^,-X + 2kn,k). 
In particular the action of T" on the root vectors: 

(2.1.3) r"(e,) = e,_2n, r"(/,) = /,+2n. 

Recall that it is possible to introduce "a half of a sum of positive roots" p = (0, 1, +2). 

2.2 

Fundamental representation of s/2 is the irreducible representation V with highest weight 
i> = (0, 0, 1), K is a quotient of the Verma module Miy with the vacuum vector v, n^v — 0, 
by the submodule Ms^^^,i, + Ms^^^, (here the action of w & l^aff is defined by w * = 
w(z/ + p) — p). Singular vectors in M^^ Jqv and e'^^v, are the highest vectors of maximal 
submodule in M^,, Ms^^^^y + Ms^^^^,. Let us denote by v the image of v under the projection 
V,v is called the vacuum vector of V. 
Let n = (e) C[t,t~^] be an abelian subalgebra of s/2 with the basis {ei},i e Z. 
We define the principal subspace W (Z V as W — U{n)v. Here U{n) is an algebra of 
polynomials in infinite number of generators. Vacuum vector is annihilated by Cj, i > 0, so 
W = C[e_i, e_2, . . It means that we can identify W with a quotient C[e_i, e_2, . . .]//, 
where / is ideal. 

Theorem 2.2.1 Ideal I is generated by the polynomials 

Sk = X! i + j = k,i < 0,k < -1. 

Now we explain why {Sk} belong to /. Recall that the Virasoro algebra is acting in the 
representations of 5/2 with highest weight, operator Li is defined by the formula 

(2.2.2) L, = : Y: (ea//3 + faCp + l/2h^hf,) : 

where k is an eigenvalue of the central element. 
We need now only L_i. It is clear that 

(2.2.3) [L_i, Ci] = iei_i, [L_i, fi] = ifi_i, [L_i, hi] = ihi_i 

Vacuum vector in the fundamental representation is annihilated by L^i,L^iv — 0. We 
know, that in V, e^^v = 0, so (L_i)Pe?_i('i;) = 0,but (L_i)P(e^i)(v) = a5'_2-p (■?;), where a ^ 
is some constant. 
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Remark 2.2 A Let us write down the infinite sums Sm = eiCj^m G Z, i,j G Z. It is 

easy to see that Sm are weU-defined operator in arbitrary representation from the category 
of representations with highest weight. The well-known result from the conformal field 
theory is that Sm acts by zero on an arbitrary integrable representation of level 1. In 
terms of generating function we can rewrite it as e{zY = 0, where e{z) = J2 e.pZ^. 

2.3 

The space 1^ is a sum of its weight subspaces :W=(B W^(n,A,i) ■ Our aim is to determine 

n.A 

the character of W, ch(W) =^ Hq'^z^ dimW(^-i^2j,i)- First we introduce some convenient 
description of the dual space W*. 

Let us identify h = {e,} = (e) ®C[t, t~^] with C[t, t~^] -the space of algebraic functions 
on C*. Decompose h = n_ Q) h+,h_ = {ei},i < 0,n+ = {ei},i > 0, so consists 
of functions which are regular at zero, and n_ is isomorphic to C[t, t~^]/C[t]. The dual 
space n*_ = (C[t, t^"'^]/C[t])* is naturally isomorphic to the space of polynomial 1-forms 
on C,n* = n\c) = {f{x)dxj{x) G C[x]},degx''dx = n + 1. Therefore {U{n_))* ^ 
© SP{n_y = © SP{h*_) = © SP{n^{C)), where ^^(^^(C)) is the space of expressions 

p>0 p>0 p>0 

f{xi, . . . ,Xp)dxidx2 ■ ■ ■ dxp = oo. Note, that uo is not a volume form, here dx-i and dxj 
commute with each other, and / is a symmetric polynomial. We will call ^^((^^(c)) the 
p-particles space. Pairing of fdxidxi . . . dxp and the product of currents {ipi (8) e) • ((^2 8) 
e) . . . {ipp e) is given by the formula: 

(2.3.1) {fdxidx2 . . . dxp, ® e) . . . {tpp ® e)) 

= Res^i=... =3,^=0/(2^1 • • • Xp)Lpi{xi) . . . ipp{xp)dxi ...dXp 

(Res is the coefficient before the term ^ . . . Xpdxi . . . dxp in Loran expansion). 

14^ is a quotient U (n_) //, so W* is a subspace in the coalgebra U (n_)*; W* — © W* W* C 

SP{Q,^{C)). Using the description of generators of / we obtain that W* — {f{xi, . . . , Xp)dxi . . . dxp} 
such that f{xi, . . . , Xp) — when xi — x^-, in other words f — g ■ H {xi — Xj)^. Thus 

i<j 

(2.3.2) W* ^ ® W* where W; = {g(xi ...Xp) n {xi - Xjf U dxi}, 

p=0 i<j i=j 

gi-symmetric polynomial. 

Informally this picture describes the situation of nondistinguished particles, which can 
move on a line and two of them can not be simultaneously in one point. 
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Now it is easy to write down a formula for the character of W: 

oo 

(2.3.3) chW = chW* ^J2chW; 

p=0 

oo 

^ p?o(l-?)(l-?')---(l-?^)' 
If 2; = 1 or z = g we get the left hand sides of the famous Roger- Ramanuj an identities. 

2.4 

Theorem 2.2.1 can be used for describing the whole space of the fundamental represen- 
tation V. Let n E Z, {f„ = T"f } be the set of all extremal vectors in V. Due to (2.1.3), 
the weight of f„ is equal to (— n^,2n, 1) Consider the spaces Wp = T^W = U{n)vp. It is 
evident that . . .W2 (ZWi (ZWq C W_i C W_2 C . . . (pic. 1) 

This is a part of the weight 
diagram of m points in a site 
mean that corresponding weight 
space has dimension m. 




Using the theorem 2.2.1 and formula (2.1.3), we obtain that 

Wn = (C[e_2n-i, e-2n-2, • • ]/ In)Vn-, whcrc is ideal, generated by the polynomial S,n = 
GaCp, m > —An — 2,a, P > —2n — 1. So, we have a sequence of C[ei], i G ^modules 

a+f3=m 

0- 6 

...^W2^Wi^Wq^ 1F_i ^ . . . , where each arrow is a C[e.j]-homomorphism. (Note, 
that in W„, Cj, i < —2n — 1, act by zero). The formula for the embedding can be deduced 
from picture 1. For example: Vq is the generator of Wq and ^^o(^o) = ^iV-i, where v^i is the 
generator of W^i. Our fundamental representation is an inductive limit of this sequence. 
This fact can be formulated in the following way. Any vector of the space V is represented 
as a finite linear combination of vectors ei^Cij . . . Ci^V-N — ^i^^i^ ■ ■ ■ e.i^e.2N+iV-N-i = ... if 
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N is large enough. Now let N go to infinity, it means that we add (formally) "extremal" 
vector v_oo and write down v_n = {e2N+ie2N+3e2N+5 ■ ■ •)'^-oo- 

Theorem 2.4.1 Let V be the vector space with the basis of infinite monomials M — 
{ci^ei^eig . . .)i'_oo, where the infinite sequence of indices {^1,^2,^3, ■ ■ ■} stabilizes. It means 
that for some n,in is an odd number and ip+i — ip + 2, if p > n. We also suppose that 
(1) different e^^ commute : Ci-^Ci^ . . . e^^ . . . e^^ . . . = Ci^Ci^ . . . e^^ . . . e^^ . . . and (2) if m 
contains a fragment eue2N+ie2N+3 ■ ■ ■ such that u > 2N then m — 0. The space V is a 
C[ej](i e Z) module and a natural completion of algebra Cfe^] acts on V. In particular, 
the expressions Sp — TiCaep, p&Z, a + (3 — p, a,(3&Z act on V. Let V be the 
quotient V/{Sp)V. Then in V it is possible to define an action of si 2 such that we get the 
fundamental representation, where {cj} act just by multiplication. 

Remark 2.4.2 Extremal vector is annihilated by subalgebra T^n^T~^ = n^{N) C 
5/2- If N goes to minus infinity, then subalgebra n^{N) tends to 00) = {fi,i G 

Z,hi,i > 0}. So, it is natural to think that vector f_oo is killed by subalgebra n+(— cxd). 
But actually vector v_oo is annihilated by subalgebra b = {/j, hi, i G Z}. We try to explain 
this point of view in the next remark. 

Remark 2.4.3 Let us reformulate the statement of the theorem 2.4.1. in a more geomet- 
rical way. Let CP^ be a projective line and CP^-set of current — > CP^. This CP^ can 
be considered as infinite dimensional complex manifold. Group ^Lf acts on CP^. Fix a 
Shubert decomposition of CP^ — {pdC} and let C be the space of maps S"-*^ — > C, C is a 
dense set in CP^. Denote by C(n) a set of maps ^ C which are admit analytic contin- 
uation inside the disk D = {z,\z\ < 1} (we identify with the boundary of D) with the 
possible singularity only at zero, and such that the corresponding function / : D — > C has 
the form g{z) ■ z", where g is regular at zero. The Lie algebra {e^} acts on C in a simple 
way, a vector field corresponding to Cj is a shift, ii f E C,Sf — z'^. Now we will construct 
some subspace in the space of distributions on C. Let 5{n) be the 5-function with support 
on C(n). Informally, S{n) is zero outside C{n) and infinite on C(n). Up to a constant 
S{n) is characterized by two condition (1) support 5{n) — C(n) and (2) XS{ri) = if X is 

vector field on C tangent to C(n). Introduce the space U2 — ® C[ei\5{p),p G Z, U2 consists 

p 

of all derivations of distributions 5{p). Then let us factorize U2 by the C[ej] submodule 
which is generated by elements S{p) — ep^i6{p + 2). We get the space Ui and then factorize 
it by the action of elements T^CaCp. The result is our space V. So, this construction is 
very similar to the construction of the induced representation of algebra s/2 from triv- 
ial representation of b. The difference is that we work with the space of polynomials of 
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infinite degree on the homogeneous space CP^. This infinite effects create a non-trivial 
central charge. 

Remark 2.4.4 Here we try to explain the problems which arise when we try to define an 
action of the operators hi and /j in V. We know that hi{vp) = if i > 0. It means that 
we can write down: 

ha{,(^ii^i2 ■ ■ ■ ^— oo) — \ha^i]\^i2 ■ ■ ■ ^— oo ~l~ ^-ii [^0^-12] ■ ■ ■ ^—00 ■ 

But in this infinite sum only finite number of non-zero terms. The action of Hq, and 
the action of the energy operator can be found in the following way. 

/io(e2iv+ie2iv+3 ■ ■ ■ ^"-00) = -2A^e2iv+ie2Ar+3 ■ ■ ■ ^"-00; ho{eiw) = eiho{w) + 2eiW 

deg(e2iv+ie2iv+3 ■ ■ ■ ^"-00) = -N'^, deg(eiU') ^ degw + i. 

Now let us try to find (616365 . . . Voo)- 

(616365. . .Woo) = [/i-iei]e3e5 . . .t;_oo + ei/?._ie3e5 . . .t;_oo 

= 2606365 . . . V_oo + 261626567 . . . V_oo 

-^26163646769 . . . V_oo + . . . + 616365 . . . /i-iV-oo- 

Due to the previous remark, we put h-iV-00 — 0. Using the quadratic relations, we 
obtain: 

606365 . . . V.oo = -61626567 . . . V_oo = 6163646769 . . . V_oo = ■ ■ ■ 

So if we put 2606365 . . . — o, then: 

/l_l(6i6365 . . . V-00) = {a-a + a- a + a- .. .)6o6365 . . .Voo 

The partial sums of this row are a, 0, a, 0, . . . . Therefore the sum of our sequence is | (as 
in the textbook by Hardy). We get then: 

/i_i(6i6365 . . .v-00) — 606365 . . .I'-oo- It is possible to see that /i_i actually acts on the 
fundamental representation by this way. In principle it takes some work with infinites to 
define an action of all hi, but we failed to invent the general procedure. Note, that the 
action of fi can be found if we know the action of hi. It is clear that, fi{vN) = if A?" is 
small enough. Then, 

fcx{(^ii^i2 ■ ■ ■ 00) \_fa^i]\^i2 ■ ■ ■ ^— oo ~l~ ^ii\fa^i2\ . . . ~l~ . . . ~l~ 611612 • • • /a^— oo- 

The last term is zero as /qW_oo = and only finite number of terms in the sum is non-zero. 
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2.5 



At this point we present the way of constucting the operators hi, fi 

Lemma 2.5.1 Denote be n(r) the subalgebra in n with the basis {ei,i > r}. Then 
U{h{r))v_^ = V. 

We have to explain the meaning of the symbol U{h{r))v-oo- This space consists of ex- 
pressions 64^612613 ... i'_oo, where all is > r. Now suppose we have an arbitrary word 

where ji < J2 < • • •■ 
Using the quadratic relations, let us write down: 

{^n^2N+l + ^n+1^2N + ^ji-\-2^2N-l + • • • + e.2N+l^n) X 

X 6^26^3 • • • e2N+ze2N+b ■ ■ ■ V-00 = 0. 

Therefore it is possible to express ej^ej.^ ■ ■ ■ e2N+iG2N+3 • • • ''00 as a linear combinations of 
expressions "without ji". We can repeat this procedure several times and replace our 
element by the sum of words, where jijj2, ■ ■ ■ ,jM does not appear. It is evident, that if 
M is big enough we got an element from U{n{r))v-^. 
Now define an action of fa- 

fcii.^jl^j2 ' ' ' ^—00) ^("+31^32^33 ' ' ' '^—00 ^3i^ci+j2^33^3A ' ' ' ^—00 

In general case this sum is infinite, but suppose, that for all s, a + jg > 0. In this case 
only finite number of terms are non-zero and in the remark 2.4.4 we defined an action 
of hff, P > 0. So we get an action of fa in V. It is possible to verify that our definition 
is correct: namely if we represent the vector w e as an element of U{n{r))v^(x> where 
r + a > by two different way and calculate an action of fa the results will be the same. 
Operators ha are the brackets of and f^ u + v — a, so we can define the action of them. 

2.6 

Here we construct in the principal space W and in the space of fundamental representation 
the monomial bases. We shall say that monomial CijCij ■ ■ ■ Cj^f e is basic if ip-|-l < ip+i. 
Similarly the infinite monomial ej^e^j • • -f-oo basic if the same condition ip + 1 < ip+i is 
hold. 

Proposition 2.6.1 Basic monomials constitute bases in W and V. 
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This statement about 1^ is a direct consequence of Theorem 2.2.1 and F is a sum of 
spaces T^W, n E Z. It gives the statement about basis in V. 

Prom 2.6.1 it is possible to obtain the character formula (left hand side of the Roger- 
Ramanujan identity) for W. Now we use 2.6.1 to write down a character formula for the 
fundamental representation. As V — [JT'^W, n E chV — limpf^cachW-N- We shall 
use standard notations: 

oo 
i=l 

ch{T-^W) = T-^chW 

= trvi^-^'^'^V^-'' ((2.3.3), (2.1.2)) 

oo 

= q"' z'^{q)n+N (here we substitute k — N — n). 

n=-N 

Then N goes to infinity: 

Z-^n=—oo ^ 



(2.6.2) chV ^ lim ch W_n = 

^-0° (?)oo 

This formula coincides with the well known expression for the character of fundamental 
representation in bosonic realization. 

Remark 2.6.3 Proposition 2.6.1 gives an expressions for the characters ofW and V as a 
statistical sum of configurations of points on a 1-dimensional lattice. For W it is known, 
and we shall formulate this fact for V . A configuration is an infinite set of points on a 
1-dimensional lattice ii < 12 < iz < • ■ ■ which satisfies two conditions: (1) ia + 1 < ia+i 
and (2) for some N is odd number and ia + '2 — ia+i if a > N. The statistical weight 
of configuration is q^^^\ q e C*, S{A) — ii + i2 + ■ • •. This definition does not make 
sense of because S — 00. But we let us change the definition of S{A). The configuration 
U = {1, 3, 5 . . .} will be called vacuum. Then S{A) andS{U) are infinite, but the difference 
S{A) — S{U) is of finite value. So, we define the statistical sum J2{q) cls J2q^^^^~^^^\ 
where the sum is taken over all configuration. According to Proposition 2.6.1, Y,{q) is 
just the character of the fundamental representation. 
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2.7 



The results of §§2-6 can be generalized to the case of an arbitrary integrable representation 
of 5/2- First we will explain what to do with the representation with highest weight (0, 1, 1) 
(this representation has level 1 and is also called fundamental). In this case we also have 
an extremal vector "at infinity" V-^o, and the monomials ei^ei^ ■ ■ ■ V-00 constitute the basis 
if Zq, + 1 < ia+i and for some i^v is an even number and ia+i = + 2 if « > A^. From 
the point of view of configurations on 1-dimensional lattice is means that configuration 
stabilize on "another" vacuum, which consists of the even numbers. Now let us consider 
the case of an arbitrary integrable representation. 

Let V be the irreducible representation of SI2 with highest weight A — (0, 1, k), where 
k,l G Z, < I < k, I)- vacuum vector and 

W - U{n)v = (C[e_i, e_2, . . .]/Ii,k)v. 

Theorem 2.2.1' The ideal Ii k is generated by the polynomials e'!j^^~'' and S^'''^^^ — 
T,eaiea2---eak+i, oij < -1; ^ < -(A; + 1). 

Remark Actually the following fact is true. Let M be an arbitrary integrable representa- 
tion of level k. Then the elements S^, — 6^1602 ■ ■ ■ ^ak+n (^j £ ^) ai+a2 + - ■ ■+ak+i — m 
acts by zero on M. The converse is also true: if N is representation of level k from cate- 
gory of representations with highest weight and elements Sm from the universal enveloping 
algebra act by zero on N, then A?" is a direct sum of integrable representations. The annihi- 
lating ideal of all integrable modules of level k is generated by S^- In terms of generating 
functions the conditions 5"^ = (m e Z) can be written as e{zY'^^ — 0, e{z) — X^ejZ*. 

As in the case k — 1 the dual space W* is described in terms of the space of symmetric 
functions. The following generalization of (2.3.2) is true. 

00 

(2.3.20 = ..2„"'- 

function / is symmetrical polynomial in m variables f — Q \i Xi — X2 — ■ ■ • — a^fe+i and 
xi — X2 — ■ • ■ — Xk-i-^i — (the first makes sense, \i k -\- 1 < and the second, if 
k — I <m). In other words, / is zero \i k points coincide or k — I points are 
equal to zero. The character of W is given by the left hand side of Gordon identity. 



chW ^ Y.'^^.chW*^ 

(2.3.3') _ 00 ^m+i/2^iVi^ + iv| + - + ivg+iVfc-i+l+iVfc-i+2 + - + iVfc 

We shall give the sketch of a proof of this fact. For simphcity we restrict ourselves by the 
case I — 0. 
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Theorem 2.7.1 The character of the space = {f{xi,...,Xm)dxi...dxm}, where 
f -symmetric polynomial, f = if Xi = X2 — • • ■ = Xk+i is equal 



jVi>iV2>...>iVfe>o {Q)Ni-N2{q)N2-N3 ■ ■ ■ {(l)Nk_i-Nk{(l)Nk 

Let p — (pi, . . . , Ps) be a decomposition m — pi -\- p2 -\- • • • -\- Ps, P\ > P2 > • • • > Ps > 0, 
Pi e Z. We associate to (p) a subspace Up C in the following way: 

f{xi . . . Xm)dxi . . . dxm € Up, if / = when xi = X2 ~ ■ ■ • — Xp^, 
2^pi+i = • • • = Xp-^-|-p2) ^pi+P2+i = • • • = Xpj-f-pj+ps' ' ' ■ ' 

•^piH hPs-i+l ■ ' ' •^m- 

Define the space Vp as \~\p'>pUpi, where p' = {p'i,P2, ■ ■ ■ ,p's) is greater {p' > p) then p, if 
p'l > pi or p[ = pi and p'2 > P2, or p[ = Pi, P2 = P2, P3 > Ps, ■ ■ ■ (this is lexicographic 
ordering). It is clear that = Up{k) = Tp(^k), where p{k) = (A: + 1, 1, 1, ... , 1). Thus we 
have a filtration in which are labeled by the elements of the ordering set and let us 
form the adjoint graded space GrT = (Bp{Grr)p. Each component {Grr)p of this space 
can be identified with the space of expressions 

(fi{zi, Zs){dz^Y'{dz2Y' . . . {dzsY' where 

Z\ — X\ X2 ■ ■ ■ ) Z2 — • • • Xp-^_|_p2) ■ ■ ■ -iZg — 

■^piH hPs-l+l — ■ ■ ■ X^. 

(We have s groups of clusters, each cluster is a "composite particle".) The function (/? 
satisfies the conditions (1) if pi = pj then (/? is symmetric with respect to the transpo- 
sition of the coordinates Zi and Zj, (2) (/? has a zero on the diagonal Zi — Zj of degree 
cBij. It is easy to see that aejj = 2pj if p^ > pj. Namely, suppose that p — {pi,P2)- So we 
have variables {xi ■ ■ ■ Xp^,Xpj^+i, . . . , Xp^+p^). The function of lowest degree from Fp has a 
form Symmntii(2^t — Xp^+tT and the degree of if is equal 2p2- Our statements deduced 
from this. Finally: 

{Gr r)p = {ip{z, . . . Zs){dz,r ■ ■ ■ {dzsT W^i - hf^'}. 
where (/? satisfies the symmetry condition (1). 
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Let rir be a number of in p = (pi, . . . ,Ps) which are equal to r. Write down the 
character of {Gr r)^: 



ch{Grr)p = 



Q 



^^(nr + «r+l+nr+2 + ---)^ 



Ilr{(l)nr 



Y\.r{(l)nr 



{q)ni-N2{q)n2-N3 ■ ■ ■ {q)Ni 



It is clear that Young diagram which corresponds to {Ni, N2, . . .) is dual to the Young 
diagram which corresponds to p. Collect together all ch{GrTp). We get: 



(1 - g) ■ ■ ■ (1 - q"') 



E 



(JVi.iVa,...) 



{q)Ni-N2iQ)N2-N3- 



The character of W*^ is a sum of ch{Gr T)p such that p < p{k). It means that Pi < k for 
all i. After simple calculation we get the statement of our theorem. 

Remark 2.7.2 Let A — {Aij} be the matrix of quadratic form. Let us introduce a formal 
series 



i^A{q) 



E 



q2 ^ij^i^j 

{q)m ■■■{q) 



rik 



ni,...,nk>0 V'iyn-i 

The convenient way to rewrite the statement of Theorem 2.7.1 is: chW{q, 1) = ipB-^{q), 
where is inverse to the k x k Cartan matrix 



/ 2 



B 



V 

which corresponds to Lie algebra 02k+i- 



\ 



-1 



1 / 



Remark 2.7.3 Here we present another approach to the left hand side of the Gordon 
identity. Change the notations a little. The problem is to determine the character of a 
quotient Ck = C[xi,X2, ■ ■ where S^^^^ = T,Xi-,Xi,^ . . . Xi^^^, ii+i2-\ \-ik 



m. 



In the algebra C = C[xi, X2, . . .] let us consider the family of ideals J^^\ k G Z, k > 0, J*^^-* 
is generated by {5^+^^}. Form the adjoint object: C/ j(i)© j(2)© j(2)/ j(3)0. . . = C"'^ ^ 
G""^ is a graded algebra, put deg J^^y J^^~^^^ — S. In G""^ the images of the elements S^^ 
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(we denote them by the same symbol) form a system of generators. It is possible to prove 
that they satisfy quadratic relations. Consider two examples: 

(1) Yl ^m^n^ = 0, m + n = a in C"^. (This is evident.) 

(2) mS^ s!^ ^ = tnXjnXuX^ = —a, XmXuXy = 0(^in C ). 

m+n=a m+u+v=a m+u+v=a 

Similar calculations shows that {S'^} and {S'^^} satisfy 2pi series of relations if pi < p2. 
The convenient way to describe again uses the dual coalgebra. Let V^^'' be a space 
with the basis {S''^\ ^^i, -^^2, • • •}• We identify {V^^^Y - T^'^) with the space of tensors 
on a line f[z){dzY' where / is a polynomial, {>S'^-'} and {z'''^{dzY} are the dual bases. 
Now let us construct a coalgebra B. First define B as: 

B= © ^'T(^) ® S'^T^"^^ • • • ® S'''T^''\io,, rez, r > 0, ia > 0- 

Elements of B are expressions: 

^2(1), • • • , Zi^{l), zi(2), . . . , Zi^{2), . . . , zi(r), . . . , ZiXr)) 
dz,{l)dz2{2) dz,,{l){dz,{2))\dz2{2)f . . . {dzi,{2)f . . . {dz^{r)r 

where / is a polynomial, which is symmetric in the group of variables 
Zi{a), Z2{a), . . . , Zi^{a) for each a. B has a natm'al structure of cocomutative coalgebra. 
For example, on the component S'^F*^^-' the comultiplication B ^ B ® B i?, the natural 
embedding ^^pW ^ F«®F« plus trivial term S'^V^^^ ^2^(1) ^^0^(1) ^^0^(1) ^^2r(i)_ 

The coalgebra i? is a subcoalgebra in 5, which consist of such elements, where the polyno- 
mial / has zeros of order 2 min(a, h) when Zi{a) = Zj{b). We claim that B is isomorphic to 
the coalgebra (C""^)*. If we work with Ck, the description is similar: the coalgebra (C^'^)* 
is isomorphic to the subcoalgebra in B, which consists of such polynomials /, depend only 
on Zi{a), a < k. The calculation of the character is the same as above. Let us formulate 
now the counterpart of the theorem (2.4.1). 

Theorem 2.4.1' Irreducible representation of si 2 with highest weight {0,1, k) is realized 
in the quotient V /{Si''~^^^)V , where V is a vector space with the basic of "infinite mono- 
mials" Ci^Ci^ . . . e27ve2jv+i^2W+2^2iv+3 ■ ■ ■ '^-co o.iT'd (V ^0?^- be transposed (they 
commute) (2) if a monomial m contains fragments eie2N^2N+i^2N+2 ■ ■ ■'^-oo, i ^ 2iV 
or 6^62^+1 e^jv+2) >2N then m = 0. ^ = E ea-^Ca^ . . .e^^^, i e Z, ai, . . . ,ak e Z, 
ai + ■ ■ ■ + ak — i. Elements Cj e s/2 act by multiplication from the left. 

In the space of representation we can choose the basis from the basic monomials. 
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Proposition 2.6.1' Let us call the monomial ei^Ci^ . . . Ci^v (or infinite "monomial" 
^11^12^13 ■ ■ - V-oo) basic if (i) ii < i2 ^ h ^ ' ' ' o-nd in finite case im-k+i < —1 0,^(1 
ij+k — ij ^ 2 (2) if "infinite" case ij+fc — ij > 2 for all j and the sequence {ia} stabilizes. 
It means that for some M the structure of sequence is: im — iu+i — • • • — iM+i-i, 
Im + i — iu+i = iM+i+i — ■ ■ ■ = iM+k 0-nd so on. The basic monomials constitute the 
bases in W and V . 

Remark. We can certainly formulate the combinatorial version of these statements in 
terms of statistical sums on a 1-dimensional lattice. For example, the configuration will 
be a function / : Z — {0, 1, . . . , /c}, such that (1) f{x) = if a; < M (M depends on /) 
(2) /(x) + /(x + 1) < A; (3) if x > {N again depends on /) then f[x) = I ii x is even 
and f{x) = k — I ii X is, odd. 

Then we can define the vacuum configuration fy^c, fvad^) = if x < and fvad'^u) — l-i 
fya^{2y + 1) ^ k - I, y e Z, y > 0. For each / the difference S{f) = Enez f{n) - 
Y.neL fvacin) if Well defined. So, the statistical sum E/?'^^'^^ coincides with the character 
of the irreducible representation 5/2 with highest weight (0, 1, k). 

Now we can compute the character of V. The strategy is the same as for the funda- 
mental representation: the character of the subspace W is given by the left hand side of 
the Gordon identity and we have to do the "hmit" procedure. Put ch{T^W) — cHn, and 
then tends N to —00, ch{V) — ch^^. We get the formula: 

Remark 2.1. A: This formula for the character actually coincides with the "parafermionic" 
formula due to Lepowsky and Prime [Ij. Let us restrict ourselves with the case I — 0. 
Denote by V{—i, 2j) the eigensubspace in V, where the energy is equal to —i and the 
eigenvalue of ho is equal to 2j . Suppose first that j — 0. We have: 

00 

J2dimV{-i,0)q' 

i=0 

1 ^ q^?+Ni+-+Ni 



E 



00 Ari>jV2>--->JVj,ez 

JVl + -+JVfc=0 
\ gE BijUiUj 

= -rY~ E ( \ ( \ n ' ^ ^' ^ 

where {Bij} is proportional to the inverse matrix of the Cartan matrix of A^^i. 
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The general formula is the following: (we use the notations of the remark 2.7.2) 



A;— 1 oo -| 

$:EdimV^(-^,2j)g^+A 

j=Oi=0 {HJoo 

This is exactly the result of Lepowsky and Prime. 

3 Flag manifold approach, s/2 case 
3.1 

First fix some notations which concern the flag manifold. Let G = SL{2, C), G-the central 
extension of the current group on a circle. Actually G-one of the possible Kac-Moody 
groups, but we do not want to be precise at this point. Let 5+ be the Borel subgroup in G 
and Pi and P2-two parabolic subgroups of G. Recall that the Lie algebras of the groups Pi 
and P2 are the following: plus central element, where a,b,c are regular inside 

the disk and I plus central element where again a, 6, c are regular in the disk 



, c ■ 2; —a , 

and 2; is a local coordinate. The flag manifold is a quotient F = G/B^. There are two 
projections: hi : F —> Fi = G/ Pi and 112 : F ^ F2 = G/ P2- The flbers of these maps are 
projective lines. For each point q & F let us denote by Ai[q) the projective line 7rf^7ri(g) 
and ^2(9) is t^2^t^2{(i)- The arrows q Ai{q) define two correspondences Ai, A2 on F. 
The Shubert cells (finite dimensional) are the orbits of -B+ on F. There is a distinguished 
one-point orbit, wc shall denote it by 1. Other orbits correspond to other elements of the 
affinc Wcyl group. This Wcyl group W^s is generated by two simple reflections So and 
S^i. Each w G IVaff is a product of them, for example w = SqS^iSq, then the closure of 



the corresponding Shubert ceU Shy, = AiA2Ai{l). It means that each So we replace by 
the correspondence Ai and S^i by A2. Geometrically we start from the point 1 then draw 
a line in the direction Ai, then from each point of this line draw the line in the direction 
A2, and so on. 

Each integrable irreducible representation of G is realized in the space of sections 
of some line bundle Lx on F, H'^{F, Lx) = Vx, X is the highest weight. The impor- 
tant property of Shubert cells is that H^Shw, Lx) = 0, i > 0, and the natural map 
H^{F, Lx) — > H'^{Shw, Lx) is a surjection. 

Now let us introduce the principal manifold M — N • 1 G F-the closure of the orbit of 
the point 1 with respect to the action of a group of currents with values in the maximal 
nilpotent subgroup N in SL{2). The Lie algebra of A'^ is {e}. Manifold M is an inductive 



limit of finite-dimensional manifolds M„,M = limM„ and M„ = 5+1,5+ = T'^B+T'''. 
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It is clear that M„ is isomorphic to one of the Shubert cells (as an orbit of adjoint group). 
Actually, the following is true. To each w e H^g corresponds a point of F-the projection 
of w, we denote the image by the same letter. We can construct "Shubert cells" starting 
from an arbitrary point and acting by correspondence Ai and A2. So M„ is a "Shubert 
cell", which is constructed by a sequence of correspondences with the starting point T". 
As a result we have: dim H'{M, L^) = if i > and the map H^{F, Lx) H^{M, Lx) 
is a surjection. Let us consider the dual map 9? : {H°{M,Lx))* L^))*. The 

dual space {H^{F, Lx))* is isomorphic to the contragredient representation which is also 
isomorphic to Lx, the map (p is an injection and the image is isomorphic to our principal 
space W — U{n)v. Thus we can use geometric methods to determine the character of 
W. We want to apply the Atiyah-Bott fixed point theorem to the pair {M,Lx), where 
the maximal abelian subgroup in SI2 acts. On M there is an action of the product of 
the Cartan subgroup and C*, this additional C* corresponds to the energy. Note that the 
manifolds M„ are singular, but M is non-singular (see below). The fixed points of the 
action of our abelian subgroup S2t are Waff H M. The fixed point theorem gives us: 

wX 

(3.1.1) chw*^ y — — - 

where in the product n{^}(l — e^) {//} is a set of characters of 21 (weights) which appears 
in the decomposition T^(M) = r^(M)-the tangent space of M in w. 

3.2 The structure of the manifold M 

Theorem 3.2.1 1) M is nonsingular 
M n VFaff = {T" : n > 0, ^„ : n > 0} 

3) The set of all weights which correspond to the action of ^ in the tangent space to M 
at the point w e Wa,s H M is a subset in the root system of sl2- The corresponding root 
vectors are: 

for w = T", n > : {e_i, i > 2n + 1; fi,n + 1 < i < 2n] h-i, I < i < n} 
for w = Sn, n > 0; {e_i, i > 2n; fi,n < i < 2n — 1; h^i, 1 < i < n — 1} 

4 ) The flag manifold F can he decomposed into the union of Shubert cells of finite codi- 
mension. They are the orbits of the opposite maximal nilpotent subgroup and are 
labelled by elements ofW^s ■ Sh'^^''' = N^w, w e F. The intersections = Sh'^^^'' n M 
constitute a stratification of M such that 

(a) Yyj is a contractable complex manifold, codiml^^ = codiml^^ = n 
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(b) Yw are stable with respect to the action of N , and Yt^ and Ys^ are n-parametric 
families of the orbits of N and the transversal submanifolds are given by formulas: 

( {1 + diZ-^ + ■ ■ ■ + dnZ-"")-^ 

So, {d\, • • • , dn\-are the coordinates on the manifold of orbits 

(c) The closure ofYpn = U^>„1t'" U^>„ l^^ andYg^ = U„>„y5^ U^>„ where Y^m is 
a subfamily in the set of N -orbits in Yt^ of codimension one, which consists of the orbits 
with coordinate dm — 0. 

This theorem is proved by a strightford calculation "in coordinates". First let us 

- — - / z~'^ 

fix the representation of elements from Weyl group in SL{2), put T"^ — i ^ 

and Sn — ( n n • 'T^® manifold F is covered by the family of coordinate charts 



-2" . 

F = U^gvi/^jjt4,, Uu, = wN_ • 1 = A^_. Let us determine, for example, the tangent space 

Fix an element w = = (^^ ^ ^ ^ Then w (^^ d^ ^ wN^ -1, a = 1 + aiz~^ + 
a2Z^^ + ■ ■ ■ , b = biz^^ + 62^"^ + ■ ■ ■ I c = Cq + CiZ^^ + ■ ■ ■ , d = 1 + diz^^ + ■ ■ ■ , ad — bc=l 
belongs to iV • 1, if and only if for some series p = piz~^ + P2Z~^ + • • • the matrix 



(3.2.2) 



1 p\ /z-"" 0\ fa b\ _ /az-'' + czy bz-"" + dz'^p 
ly V z'^jKc d)~\ cz^ dz'' 



is from 5+. If n < 0, then the series dt^ = + di^""^ + • • • is not in C\z\ therefore 
TV • 1 n = 0. Now consider the case n — \. The condition "matrix (3.2.2) belongs to 
S"" means in this case that: 

c = Co, 0? = 1 + cii^"^ 

z~^ + axz""^ + 02-2"^ H h Co(pi +P2-2~^ H ) = CoPi, 

bxz~'^ + b2Z~'^ H V{z + dx){pxz-^ + p2-z~^ ^ ) = Pi- 

If Co = then the third equation can not be solved and p does not exist. If Co 7^ 
then we can find all p^, i = 2, 3, ■ ■ ■, for example p2 = — Cq ^. The forth equation gives us 
Pidi + p2 = (this is a coefficient before t~^ so pidi = Cq^ and so it is necessary that 
o?i 7^ 0. Conversely, if cq 7^ 0, o?i 7^ 0, then we can define pi by the formulas: 

(3.2.3) = p2 = - — , Pi = if i = 3,4, ••• 

codi Co Co 
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The matrix 3.2.2 has the form ( ""^^^ , ) and the determinant is equal to l,coPi((ii + 

\ cqz di + zj 

z) — xcqZ = 1, it means that x — pi and the matrix is in B^. We obtain the following 
result: 



^1 fa biz ^ + ■ ■ ■ 

.Co 1 + diz~'^ 



a biZ ^ + 62-2 + 
Cqz'^ 1 + diz~^ 



In particular, MHUti is nonsingular and we see what the structure of tangent space in 
is. It is clear also why the imaginary roots appear in the tangent space. The hyperplane 
{co = 0} C M n Uti is 



y^i = { 







[l + diz-^) 




1 + diZ 



1 + di^" 



T 



The hyperplane {di — 0} is the intersection Uti U l^^. It can be shown in a similar way. 
Let us draw the picture which illustrates the Theorem 3.2.1. 



1 



/2 



e_4 



e-i 



A 



-Si 



e_5 



J2 



hi 
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Here the points are elements of the Weyl group, which are identified with the fixed 
points of 21 on M. Consider the Lie subalgebra s/2 = {e-2,/2,/io — 2C} C s/2 and let 
SL2 C SL2 be the corresponding subgroup in SL2. The set S'L2 • 1 C F is isomorphic 
to CP^-the flag manifold of SL2. The point S2 is in this CP-*^. The arrow on the picture, 
which starts at 1 and ends at 5*2, is this CP-*^. The tangent vectors to CP^ correspond to 
e_2 in T^, w = T"^ and f2 in Tyj,w — 82- The arrows ~^ denote the "imaginary" directions. 

3.3 Combinatorial consequences of Theorem 3.2.1 

Let us write down what flxed point formula gives in our case: 

(3.3.1) 

00 gT"A 



+ E 



gW„A 



{ (q)n-l{l - {q^z)-^){l - (q-+^z)-^) ... (1 - (?2n-l^)-l)(^2n-l^. 

Here we use the standard notations 

00 n 

(a; q)oc, = 11(1 - aq'); (a; g)„ = - aq') 

i=l i=l 

Now let us compare different formulas for the character of 1^-(3.3.1) and the Gordon type 
formula (2.3.3'). 

Theorem 3.3.2 

(a) (1 - qz)il - qh){l - qh) ■■■ = E^Loi-m"^ z^' H " ?'"+^^) 

fh ) - i 

{oj Z.„=o (g)„ n-^,(i-9' 

(c) letkj ez, 0<l <k 



(OyZ.„=0 (q)„ - n^^,(l-9'^2) ^n=0l "^J (i_g)...(i_qn) 1? ^ ^ t? ^ ; 



^Ar2+...+Ar2+Arfc_,+i+...+Arfc^Ari+...+Arfc+//2 

Afi>Af2>->Affc>0 (?)Afi-Af2(?)Ar2-iV3 • • • {q)Nk-i-Nk{q)Nk 
n^=l{l -q^z)^,^ > (l-g)...(l-gn) 
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Point (a) corresponds to the weight A = (0, 0, 0), (b) to the weight A = (0, 0, 1) and in 
(c) we have general case A = (0, /, k). 

Speciahzation z — 1 gives us a new proof of the classical partition identities. 

Theorem 3.3.3 

Sn"^ -\-n 

(a) Euler pentagonal theorem: n^^^(l — g*") = Z]nez(~l)"'? ^ / 

(b) Roger-Ramanujan identities 

(-'/ Z^n=0 ' 'm=l (l_g5m+l)(l_g6m+4) 

/TT) Y^OO g" +" _ 1 

(-'V Z^n=0 — ' 'm=l (l_55m+2)(i_q5m+3) 

(c) Gordon identities: 

qNl+-+Nl+Nk-i+i+-+Nk 



J2Ni>->Nk>0 

1 



{q)Ni-N2 ■ ■ ■ {<l)Nk-i-N^,{q)Nk 



n m^0,±(fe-(+l)mod(2fe+3) ■ 



m>o 1 — q^ 

To get the Gordon identity we have to rewrite the right hand side of (c) from (3.3.2) 
{z — 1). To do it we use Jacobi identity: 

n(n + l) 
-If.— 

nez 

where u — q^^+^^ v — q^-^+'^ 



3.4 

The decomposition M — UY^, w e Wgs H M can not be used as the Shubert cell decom- 
position of F. The reason is that the closure of Yg^ is not a union of 1^. To improve the 
situation we have to construct more subtle decomposition. For example, it is necessary 
to decompose Y^i — (yrA^rO ^ ^t'- Suppose we construct the subtle stratification with 
good properties, then we can use it to get the resolution of n module H^{M, Lx), analo- 
gous to the BGG resolution. The terms of this resolution are distributions with support 
on the cells of decomposition. Character formula shows us that this resolution can not 
be simple, so the structure of decomposition is complicated. Nevertheless it is possible 
to find out the initial terms of cell decomposition - cells of codimension zero and one. It 
gives the two first terms of the resolution of if°(M, Lx). In particular it gives us a proof 
of the theorem 2.2.1'. 

Let [/ = = TV - 1 be an open dense stratum, Ui = C/^, nM, and U2 = (C/ti nM)\y5^- 
the open vicinities of strata of codimension 1: 1^^ and y^i\y^,; let Ul — Ui\Ys-^, C/| = 
C/2\lri- Prom the proof of the theorem 3.2.1 we can deduce that Ul — UiHU and 
U* = C/2 n [/. 
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Now we fix the line bundle La, A = {0,l,k) and we shall write H°{Z) instead of 
H^{Z, Lx), (Z^-submanifold in F). Our geometric data define an exact sequence: 

(3.4.1) ^ H°{M) ^ H\U) ^ H\Ul)/H\U^) H\U*)/H\U2) 

Here are the usual initial terms of the Grothendieck-Cousin complex, which calculates the 
cohomology of M; the third group of the complex are 1-dimensional local cohomologies 
with support on the strata of codimension one. It is easy to see that H^{U) is a cofree 
C[e_i, e_2, • • -j-module. So, the dual to 3.4.1 sequence has the form: 

O^W^ C[e_i, e_2, ■ ■ ■] ^^i^'^ M, © M, 

where tt is natural projection and Mi — [if°(C/*)/if°(C/j)]*. Theorem 2.2.1' follows from 
the lemma. 

Lemma 3.4.2 (1) Mi is a free C[e_i, e_2, • • •] module of rank 1 with generator = 

k-i+i 
e_i 

(2) £[ei\-module M2 is generated by the sequence of generators, ai, i E Z, <^2(c"i) = 

The proof is a straightforward calculation which we will present in an extended version 
of this paper. 

3.5 

Here we discuss the fixed point formula for singular manifolds and Demazure character 
formula. 

First let us recall what Demazure formula is. Let © be a Kac-Moody algebra, T-weight 
lattice, C[T]-the group algebra of T and if x e T then by we denote this element as 
a generator of C[T]. The Weyl group W acts on C[T] by automorphisms; if a is a root, 
then Sa is the corresponding reflection. The Demazur operator J2a ^-cts on C[T] by the 
formula 

V ie'') = — + — 

^ l_e« 1-e-"' 

Now let V\ be an integrable representation of with highest weight A, and t;(u')-the 
extremal vector which is corresponded to w E W, n_-the maximal nilpotent subal- 
gebra, n_v = 0. Denote by Vx{w) the subspace U{n^)v{w) C Vx. The geometric 
description of Vx is the foUowing: Vx{w) is dual to the space H'^{Sh^, Lx)- Here as 
usual Lx is a line bundle and Sh^ is the closure of Shubert cell. Demazur formula 
is an expression for the character of the space Vx{w). Fix a reduced decomposition 
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w = SaiSa2 ■ ■ ■ Sai and define J^y^ as J2ai J2a2 ' ' ' 1^ is well known that J2w does not 
depend on the choice of the reduced decomposition. The character chVx{w) = J2w^^- 
This formula has another form: chVx{w) = Ew " e""^, where = E^^^ Ea^^ ' "^^-ji 
where cr-yj , cr-yj • • • , cr-y, are refiections corresponding to the set of roots (71, 72, ■ ■ ■ 1 7«) such 
that each subset {■ji-s+i, 7i-s+2, ■ ■ ■ , 7«) coincides with the set of positive roots {7 | w{s)'j 
is negative },w{s) = S'q,;S'q,,_j ■ ■ ■5'q,,_j^^. We need this form of the Demazure formula, 
because Vx{w) = U{n_)v{w), so we have also the formula for the character of the space 
U{wn-W~^)v. 

Now let us apply this to the © = sZ2-case. If we act on the vacuum vector in V\ by the 
algebra C[e_i] we get J2si ^ ^ct by C[e_i,e_2] we get Esjl^^i ^^)- '^^^ general 
formula is c/i(C[e_i, e_2, ■ ■ ■ , &-m]) = ' ' ' S5^(e'^) (Note that here we mean that 

Y^Si cicts first, then Esa' ' ' ')• After the direct calculation we get: 

(3.5.1) chH%M^, LxY = c/i(c[e_i, e_2, • • • e^2n]v) 

2n-l T'"A^2n-l\ 
_ V rn h |_ 

i'o {<l^-'''^-^^z-'-q)m{q''^z-q)2n-m 

2n pSm\(2n-l\ 
y-^ V m-l h 



- (g-2m-l^-l.^)^(^2m-l^.^)2^_^ 

Here {'^^~^)a = I yPl"^'^ — is a o-binomial coefficient. 

If n — ^ 00, then this character formally tends to the formula (3.3.1). From this point 
of view it is natural to think that formula (3.3.1) for the character of the basic space 
coincides with the Demazure formula for an "infinite element" = lim„^oo in the 
Weyl group. This Wq can be written as an infinite product in two different ways: 

Wq — S1S2SS — SqSiSqSi. 

Let us make a few comments about the connection of this with the ffxed point formula. 

Let X be a compact complex algebraic manifold (possibly, with singularities), L is a 
one-dimensional line bundle on X and T - the torus, which acts algebraically on the pair 
{X, L), and suppose that T has only finite set of fix points. A natural analog of the fixed 
point formula is: 

(3.5.2) ^(-l)'c/i(r, W{X, L)) = ch{T, 0,{L)) 

Tx=x 

where Ox{L) is a formal completion of the space of sections of L in x. 

Suppose, for example, that the manifold in the infinitesimal vicinity of the fix point 
a; is a complete intersection. It means that is a quotient C[ti, ■ ■ ■ ^Im]/ J-, where J is 
generated by the regular sequence /i, ■ ■ ■ , /tv, < M. Suppose also that the action of 
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T can be lifted on C[ti, ■ ■ ■ , tu] and fi are homogeneous elements. In this case the local 
term from 3.5.2 has the form: 

(3.5.3) ch{TML))-e^ ^^^_J^ 

Here is a weight of the action of T on Ox{L)/ 171^0 x{L), rUx- maximal ideal, which 
corresponds to /xi, ■ ■ ■ , are weights of fi and Ai, • • • , Am are weights of tj. Formula 
(3.5.1) shows that in the fixed points of the torus, M„ should be locally a complete 
intersection, but we did not verify this fact directly. 



4 s/3-case 
4.1 

The Lie algebra 5/3 has three positive roots a, (3, and ^ — a-\- (3. The corresponding root 
vectors are e^, and e^^, e^^ = [e^,e^]. The opposite root vectors are p and /^^. 
The coroots are ha — h} , hp — h^ and h^ — h^'^ — h^-\-h^. The basis in 5/3 is e\ — ^z^, 
el — ® , . . . and the central element C. 

We will try to use notations similar to those in §§2-3. In particular, a weight of 5/3 
is a triple A = (m, i/, /c), where k is the eigenvalue of central element, m is the energy 
and u is the weight of 5/3. Let V (or V\) be an irreducible representation of 5/3 with 
highest weight A, G — Kac-Moody group, corresponding to Lie algebra 5/3, F — G/B^ 
— flag manifold and Lx — homogeneous linear bundle on F, which corresponds to A. The 
irreducible representation V is identifled with {H^{F,L\))* . 

Affine Weyl group Waff ^fxiSs contains the lattice f = Hom(C*, T) C f), where T is 
maximal torus in SL{3), and t) is the Lie algebra of T; S3 is the symmetric group which 
is the Weyl group W of SL(3). 

The reflections, which correspond to the roots (i, a, 0), (i, /3, 0), (i, 7, 0) we denote by 
S~'^, Sp"^, S~'^. Simple roots are a — (0, a, 0), /3, and (1, —7, 0) and simple reflections are 
Sa, Sp, and S^. 

The action of ^ e T and w eW on the space of weights is given by the formulas: 

(4.L1) am,X,k) = {m-X{0-lk{^,0,>^ + kC,k) 

w{m,X,k) — (m, i(;(A), A;) 

The canonical scalar product on 1) defines the identification f) — >^ fj* and ^* is the image of 
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4.2 



Let be a fundamental representation of sl^, V — Vx, A = (0, 0, 1). As in §2.1, we define 
the principal space W as U{n)v, where v is vacuum vector, n is the maximal nilpotent 
subalgebra in s/3 with basis e^, e^, e^^, and the basis in n is {ej , ef , ej"^ , i G Z}, n„ is 
subalgebra in n with the same basis, but i < 0. Wc arc interested in the left ideal / in 
U{h_) such that W — {U{h_) / I)v. The vectors f'lv, f^v, {e^^-^)'^v are singular vectors 
in the Verma representation Mx with highest weight A = (0,0, 1). Using this, we deduce 
that the following vectors belong to / : (elL^J^, ad /g ((eL^^^)^) = ±{e^_-^e^\ + e^\e'^_^)] 
cid {{e^iY) = ±{e^ie^i + 61*1^^6^1), and also {e'^i)^ and (eLi)^, because, for example, 
ad /q {e^ie]^i + e^\e^_i) = ±2(e?.]^)^. As in s/2-case let us introduce the operator L_i from 
the Virasoro algebra, such that L^iv = 0. It gives us five series of elements from /. In 
terms of generating functions these relations are: 

(4.2.1) {e\z)r, {e\z)y, e\z)e'\z), e\z)e'\z) 

Theorem 4.2.2 The left ideal I is generated by the coefficients of the expansions of 
(4-2.1): Rk — Z^eje^, i + j — k, i, j & Z, i,j ^ —1, and so on. 

Remark 4.2.3 Actually infinite expressions Rk — J2^i^], i+j — k, k&Z, i + j& Z and 
others act by zero on V. 

Now recall the character formula for V in "bosonic" realization: 



(4.2.4) chV = j-^T.e'' = j-^T. ci^'-^'^'^zlzl 



The notations here are the usual ones: q corresponds to the energy operator and Zi 
and Z2 — to the two simple roots of 5/3. 

The relations of (4.2.4) and the character of the principal subspace W is the same as 
in the sl2-case. The character of W is given by the formula: 

—ab+b^ ^b 

(4.2.5) chW^Y. 



a,b>0 



Note that ch W{q, 1, 1) = ^Azio) (we use the notations of 2.7.2). Note that / is a two-sided 
ideal in U{hS). We present the description of U{hS)/I, which is close to the description 
of the corresponding quotient in the sl2-case. The first complication is that U{n^) is not 
a commutative algebra, so first let us do its abelianization. 
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The algebra U{h-) has a standard filtration such that the adjoint algebra is S{h-) 
— the symmetric algebra of the space ri_. The ideal / defines an ideal 1°^ in S{h_), such 
that S{n_)/I°^ is the adjoint algebra to U{n_)/I. In particular, they have the same 
characters. The commutative algebra S{h-) is generated by the images of the elements 
e\, e}, eP, which we denote by the same symbols. 

Proposition 4.2.6 The ideal 1°^ is generated by relations (4-2.1). 

This proposition says that we can work with a commutative algebra with quadratic re- 
lations. Now following the line of 2.3, we can describe the dual space to the W"''^ = 
S{n_)/ 1°''^. The space W"''^ has a Z^-grading {ni,n2,n^) where n-y is degree with respect 
to the group of variables {ej}, n2 — the degree with respect to {e^} and corresponds 
to {e]^}. The {r,s,t) component of a (W"''^)* is isomorphic (see 2.3.2) to some space of 
polynomials: 

t ^ {g{xi, ...,Xr;yi,...,ys;ui,..., ut) ■ n{xi - xjf x 
X n{yi- yjf n {ui - Ujf r\{xi - yj) n(xj - Uj) r\{yi - Uj) n dxi n dyj n duk) 

Kj i<] i,j 1,3 1,3 13k 

where (7 is a polynomial which is symmetric with respect to {xj}, {ui}. 
Therefore: 

Using the simple formulas with gr-binomial coefficients, it is possible to show that this 
sum is equal to (4.2.5). 

4.3 Principal manifold M and fixed point formula 

In this section we restrict ourselves only with the "vacuum" representation with highest 
weight A = (0, 0, A;), A; > 0, A; G Z. In this case the irreducible representation V is realized 
in the space of sections of a bundle Lx on a parabolic flag manifold P = G/G^"', where 
the subgroup G*" corresponds to the subalgebra g*" = C ■ C + g + 92; + qz"^ + ■ ■ ■ . In other 
words, 0*" consists of currents on the circle which can be extended analytically inside the 
disc on the complex plane. So we shall work with P and the principal manifold is the 
closure of the orbit iV_ ■ 1, where 1 is the zero-dimensional Shubert cell on P. 

Our problem now is to write down the fixed point formula like (3.3.1) for the pair 
(M, La) and 3-dimensional torus which acts on (M, L\). The fixed points of the torus in 
P are labeled by the elements of the lattice T 
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Theorem 4.3.1 1) f f] M = {Tma+nf3 : m,n^ 0} (see picture 4) 

2) M is nonsingular at the points Tna, and singular in all others fixed point. 

3) Local term in the fixed point formula corresponding to Tna is equal to 



A, 



n(l-e^) 



where S is a root of sl^ such that, Ss{na) ^ na; T„a{S) < 0, Ss{na) — ka + 1(3, k,l > 0, 
Ss — reflection with respect to 5. In the variables q, Zi,Z2, A„q, is given by 

{q-'^^z^^;q)n{q^"'Zi;q)^{z2,q-^)n-i{^ - ^2)(^2; g)oo(?"^i^2; g)oo 
The local term corresponding to Tn/3 can be obtained from Ana, if we change a (3, 

Z\ ^ Z2. 

4) At the points Tn-y — Tna+np M is locally a complete intersection and 



A. 



e 



(1 - {z,Z2)-'){l - {qz,Z2r' ... (1 - {q^-'z,Z2)-') 



n{l-e^) (l-g)(l-g2)...(i_gn) 

where Ssi—nj) ^ —nj, Ss{—n'j) = ka + 1(3, k,l > 0, Tn^{S) < 0. 

n(l - e^) = (1 - z^'){l - (qz,)-') ... (1 - - - q^+h^) ... ■ 

■ (1 - Z2')ii - {qz2)-') ... (1 - (g"-^^2)-^)(l - g"+^^2)(l - g"+'^2) . . . • 

• (1 - {q-z^Z2)-^){l - {q-^'z^Z2)-') ... (1 - {q^''-h,Z2)-'){l - q^^^'z^Z2){l - q^''^^z,Z2) 

We could not determine the local terms Ana+m0) if ^ 7^;''^ 7^ and n ^ m. The 
singularities of M at such points are complicated and we think that M is not a complete 
intersection in the neighbourhood of such points. Note that Demazure's formula can be 
used in this situation, but we did not carry out the calculation. 
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Picture 4 



The straight hnes on the picture are the mirrors, corresponding to reflections with 
respect to the affine roots. Distinguished points belong to T n M. 

Conjecture 4.3.2 The local terms Ama+n/3, m^O, n^O, m^n are zero if zi = z^. 
We suppose that such can be represented as a product of {1 — Zi) or (1 — Z2) or 

(1 — Z1Z2) and something else. 

Let us calculate A„a, An^, and A„-y when zi — Z2 — 1. Certainly, it can not be done, 
because each term contains 1 — 2^1 or 1 — 2^2 or 1 — Z1Z2 in the denominator. Nevertheless 
these infinites cancel each other in the sum A„q + A^p + A„^. The calculation gives the 
following result. 

Theorem 4.3.3 (A„q, + Anp + A„^)|^^^^^^^ is equal 

(a) (6?^ + l)g yi^^^ — ifV is fundamental representation (k — 1). 



00 
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. ((2k + 4)n + l)q(k+2)n'+n _ n2k + 4)n - l)g(fc+2K-" . 
( b j -^^^^ — {q) representation with nigh- 



est weight (0, 0, /c) . 
Theorem 4.3.4 (Modulo conjecture 4-3.2) 

(a) Gauss formula: (g)^ = 1 — 3g + 5q^ — 7q^ . . . + (— l)"(2n + l)q 2 + . . . 

(b) Analog of Roger-Ramanujan: 

a,6>0 

E ((2A; + 4)n+ 

(c) (^) = 

Here (a) corresponds to A; = 0, (b) to A; = 1 and (c) is to arbitrary k. The left hand 
side of the formula (c) is written in the notation of 2.7.2, quadratic form is a product of 
B^^ (the same as in Gordon formula) and Cartan matrix for S'L(3). We shall discuss this 
expression in §4.5. 

4.4 

Note that the right hand side of (b) from 4.3.4 coincides with the Kac formula for the 
character of the fundamental representation of s/2 with highest weight (0,1). And the 
same is true for (c): the character of s/2 representation with highest weight (0, A;) is equal 
to the right hand side of (c). It is very easy to see for (b). Recall the simple combinatorial 
fact (it concerns Dufrey square): 

^ g"* 1 



{q)a{q)h (q) 

a— d=m=const 

Then 

„a^—ab+lP „ab „r,^ 

\ ^ y \ ^ \ ^ q _ _y 



,2 



a,b,a—b=m 



And we get the character of fundamental representation of 5/2 in "bosonic" realization. 
We do not know the direct proof of (c) . 

Now we give some explanation of this fact. Orthogonal subalgebra in 5/3 is isomorphic 
to 5^2, it gives us a map 5/2 — sh- Restriction of the representation of 5/3 of level k on 
5^2 is a representation of level k. So, we have in 5/3 two subalgebras 5/2 and n. They have 
some similarity. Namely, in 5/3 there are two 3-dimensional subalgebras: orthogonal and 
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maximal nilpotent and maximal nilpotcnt is a deformation of orthogonal, s/2 and n are 
currents with value in s/2 and n (and central element add in the first case). In the space 
of vacuum representation Va, A = (0, 0, k) of s/3 there are two subspaccs: U{h)v = W and 
[7(6/2)1' = Energy operator Lq is acting in Wi and 1^2 and the fact about characters 
means that trq^°\Wi = trq^°\W2- Now for simplicity restrict ourselves only by the case 
k — 1. Space W2 is fundamental representation of s/2 and W2 = U{sl2 )//, where s/2"* 
is the Lie algebra with the basis {cj, hi, fi, i < 0} and / is a left ideal. Five elements e^^, 
[fo,el,] = -(/i_ie_i + e_i/i_i), [Mfoel,]] = -2{f_,e_^ + e_J_^) + hl„ h_J_, + f_,h_r, 
f^i belong to /. Operator L_i from Virasoro gives five serieses of generators of /: 

(1) E ^iCj (2) E hiCj + Cjhi (3) E fi^j + Cifj - hihj 

(A 4 1) i+j=-n i+j=~n i+j=-n 

^ ■ ■ ^ (4) E hj, + f,hi (5) E fifj 

i+j=-n i+j=-n 

Proposition 4.4.2 (a) Five serieses of relations (4-4-1) generate the ideal I (h) the 
same is true for the adjoint graded space. It means that we replace U{st^*) by adjoint 
space of polynomials on {st^*)* and I defines the adjoint ideal 1°^ in 5"* (s/2"*). Now in 
S*(sl2 ) the variables ei,hi, fi commute with each other and I"''^ is generated by the same 
expression (4-4-1)- 

Now let us compare 4.4.2 (b) and 4.2.6. We see that the quotient spaces S{n_)/I^'^ 
and 5'(s/2 )//"'^ are almost identical: the difference is only in the third series of relations, 
there is the additional term J^hihj. 

These considerations can be generalized to arbitrary k. 

4.5 

In this section we give another description oi W — U{h-)/I following Schechtman- 
Varchenko. To do it, first let us describe the universal enveloping algebra U{h^) in 
terms of the space of symmetric polynomials. Actually, we shall give a new construction 
of dual coalgebra. 

Let W — ®Wjn,n: m, n G Z, m, n > be the space of functions: 

Wm,n = {f{xi, . . . , yi, . . . Vm} 

f is polynomial in {xi}, {yj} which is symmetric with respect to the group of variables 
{xi} and {yj}. 

We shall call {xi} the coordinates of the particles of type a and {yj} — the coordinates 
of the particles of type p. (Recall that a,P are positive simple roots of s/3). W has 
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a natural structure of commutative and cocommutative Hopf algebra. Multiplication 

Wm',n' 'S> Wm",n" Wm,n, 171 — m' + m" , Ti — u' + u" is given by the formula: 

) = Symm/(xi, . . . 

where Symm is the symmetrization with respect to the groups of variables {xi\ and {Uj}- 
The component of comultiplication A : Wm,n Wm',n' ® Wm",n" is nontrivial only if 
m = m' + m", n = n' + n" and in this case A is a natural embedding. The space 
Wm',n' ® Wm",n" may be identified with some space of polynomials in {xi}, 1 < i < m, 
{l/j}; 1 < J < with evident symmetry properties and A{Wm,n) C Wm'y ® Wrn",n" 
consists of polynomials with extra symmetry conditions. We now want to extend W to 
W; elements of W are rational function in {.Xj}, {yj}, which can have a pole of order 
one when Xi = yj. Multiplication makes sense for such functions but comultiplication 
acts from Wm,n into some modified tensor product W.,n'y®Wm"y. Symbol ® means that 
functions from the space Wm',n'^Wm",n" can have poles of order one in the hyperplanes 

•^i Vj- 

Let us define a subspace A„j „ in the space of functionals on Wm,n- Elements from 
Wm,n can be represented as products p = f{xi, . . . ,Xm,yi, ■ ■ - yn) n{xi — yj)~^, 1 < i < m, 
1 < J < For each pair fix one of two possible decompositions of (xj — yj)~^'- 

T+{xi,yj) = Xi{l + yjXi^ + (yjx-^)^ + •••)> ^-(a^i>l/i) = -VjC^ + i^iyj^) + {^iVj^f + 
. . .). After it we can form the Laurent expansion of p. The space Am^n is generated by 
functionals a, such that the pairing (a, p) is some coefficient of this Laurent expansion. 
Then a depends on the choice of the coefficient and the choice of the expansions r_|_ 
or r_ of each term {xi — yj)^^- A = ® Amn is a cocommutative Hopf algebra. The 

m,n ' 

comultiplication is evident and multiplication is calculated by the formula: 

ai e Am',n': ^2 £ ^m",n", P £ Wm,n: m = m' + m", n ^ u' + u" , 

Ap e Wrn',n'§)Wm",n", = f{Xl, . . . , X^; yi, ■ ■ ■ , yn) ^{Xi - yj)~\ 

Ap+ = / ■ n {xi - yj)-^ ■ n {xi - yj)-^ ■ n T+{xi,yj) ■ n T+{xi,yj) 

l<.i<~m' m' + l<^<m l<^<m' m -j-l<~i<~Tn. 

l<j<n' n'-\-l<i<n n' -\-l<i<n l<j<n' 

(ai ■ a2,p) = (ai (g) 02, Ap+) 

So, to determine the pairing of a product ai • 02 on p we have to find Ap, choose the 
expansions of all {xi — yj)~^ and then the value of the pairing is some Laurent coefficients 
of the resulting series Ap+. 

Now let us introduce the Serre relations. Define a subcoalgebra U in W, which consists 
of expressions f{xi, . . . , Xm', yi, ■ ■ ■ , yn) n(xi — yj)"^ where the polynomial / is zero, if 
Xi — X2 — yi or Xi — yi — y2- It is clear that U is stable with respect to comultiplication. 
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it means that U is a. Hopf algebra "in extended sense" (it means that the comultiphcation 
acts to the extended tensor product). It is more convenient for our goals to introduce the 
subcoalgebra U G U, U = {f{xi, . . . ,Xm;yi ■ ■ ■ , yn)xi ...Xmyi---yn ^{xi - yj)'^}. The 
dual space U* (in the same sense as above) is a quotient of A. It can be shown that U* 
is isomorphic to U{h-) = U{nz~^ + nz~'^ + ■■•)' ^ — maximal nilpotent subalgebra 
in s/3. So, we have a nice "functional" model of (?7(n_))*. Let us return to the principal 
space Wk — U{h_)/Ik {k means that we deal with the vacuum representation of level k)] 
W* is subspace in {U{fi-))*. 

Theorem 4.5.1 The dual space to the principal subspace is isomorphic to the space 
M — ®M^^n, m,n E m,n > 0, where 

Mm,n = {f{xi, ...,Xm,yi,---, yn)xi . . . yi . . . t/n ^i^i - %)"^}, 

/ is polynomial and symmetric with respect to {xi}, {yj} and f is zero if Xi = X2 = yi, 
yi = y2 = xi, xi = X2 ^ • • ■ = Xk+i or yi = y2 ^ ••■ = yk+i- For k ^ 1 a simple 
calculation gives us the formula (4-2.5). For general k we need arguments with filtration 
like in the SI2 case, where we obtained the left hand side of the Gordon identity. 

chW,{q,ZuZ2)= E 



(?)iVi(g)jV2-iVi . . . {q)Nu-Nk-A(l)MM)M2-Mi ■ ■ ■ (q)Mk-Mk-i 

0<Mi<M2<---<Mj. 

If zi — Z2 — 1 this is exactly ^^^^^-i from 4-3.4 (c). 

Now we can use the formula for the character of Wk{q^ -Zi, Z2) to obtain the following 
formula for the full character of the irreducible representation s/3 with highest weight 
(0,0, fc) 

Nl+Nl+-+Nl+Ml+--^Ml-Y.i^^i^j J2^j 



{q)Io Ni<N2<-<Nk {q)n2-Ni ■ ■ ■ {q)Nk-N^,_i {q)M2-Mi ■ ■ ■ {q)Mk-Mk- 

Mi<M2<---<M^. 
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